Abstract. The closed vortex dynamics is considered in the nonrelativistic version of the Abelian Higgs Model. The effect of the exchange of excitations propagating in the medium on the vortex string motion is taken into account. The obtained are the effective action and the equation of motion both including the exchange of the propagating excitations between the distant segments of the vortex and the possibility of its interaction with the static fermion asymmetric background. They are applied to the derivation of the time dependence of the basic geometrical contour characteristics.
Introduction
The string-like (or vortex) solutions of the field-theoretical models are widely discussed in application to numerous physical systems, from the really observed in condensed matter physics (quantized vortices in He 4 [1] , Abrikosov lines in type II superconductors [2] , vortices in Bose -Einstein condensates [3] to hypothetical cosmic strings [4] . Of particular interest are the situations when the dynamics of the vortex contours can be deduced from the field equations of the underlying field theory. The dynamics of cosmic strings was studied in the framework of the Nambu-Goto action [5] which was shown to result from the relativistic version of the Abelian Higgs model (AHM) [6] . Transverse motions of the Nambu-Goto string are typically with the velocity of light [5] . The solution in the form of the static cosmic string was obtained from the static version of AHM [7] . Another limiting case is the nonrelativistic one, which can be derived from the nonrelativistic Abelian Higgs model (NRAHM). The static limit of this model coincides with the Ginzburg-Landau theory [8] . Another interesting aspect of the time-dependent gauge vortex solutions is that they can elucidate the interrelations among such characteristics of the closed contours as the helicity of gauge field forming the vortex, the writhe and torsion (twist) numbers and their possible dependence on time [9] [10] [11] .
The aim of the present talk is to consider the dynamical evolution of the closed gauge vortex string in NRAHM, including the possibility of its interaction with the static fermion asymmetric background. The corresponding equation of motion is obtained, side by side with expressions for the time derivatives of the curvature and torsion of the gauge vortex contour [12] [13] [14] .
Nonrelativistic Abelian Higgs Model with the gauge vortex
Nonrelativistic Abelian Higgs model incorporating gauge vortices is given by the Lagrangian density
The source of the vortex with the contour X(σ, t) is the singular phase of the Higgs field χ s ,
The solution of Eq. (2) is
In what follows, all fields are represented as the sum of the background fields and the fluctuations. As usual, the background fields are found from the condition that the terms in the action which are linear in the fluctuations, should vanish while the terms quadratic in the latter will give the quantum corrections to the effective action. The expressions for the background fields are [12] :
where
4πn 0 q 2 , and the constrain ρ 0 + qn 0 = 0 provides the net charge neutrality. The modulus of the Higgs field is assumed to be uniform except the vortex lines where it tends to zero.
When evaluating the action of the background fields,
it is useful to represent it in the form S bg = S
bg + ΔS bg , where
is the infrared finite contribution while
represents the infrared divergent contribution. Hereafter the notation are: X 1,2 ≡ X(σ 1,2 ), dot and prime stand for the derivatives over time and the corresponding contour parameter σ 1,2 , respectively. Using ψ = n 1/2 e iχ , the fields are represented in terms of the background fields and fluctuations: ϕ → ϕ + δϕ, A → A + δ A, n → n 0 + δn, χ → δχ, where δn and δχ are the Higgs mode and Goldstone mode, respectively. The action of fluctuations is
where f T = (δn, δχ, δϕ), and .... represents the derivatives ∂ 3 X/∂t 3 or higher which can be neglected in nonrelativistic case [12] . The matrix M looks like
which permits one to obtain the propagator matrix in the four-momentum representation: 
Upon excluding δχ one obtains
resulting in the above dispersion law. The static limit with q = 0 gives ∇ 2 δn − ξ −2 δn = 0, where ξ = /2mc s is the correlation length which, by the order of magnitude, is the distance where the Higgs field goes to zero near the string core. Formally, ξ is the ultraviolet cutoff reflecting the ignorance of the Higgs field profile at short distances.
The dominant quantum correction to the action due to exchange of excitations propagating in the medium is It is treated by using the derivative expansion for
Then the leading correction to the effective action arising from the exchange of fluctuations can be represented in the form
It has the finite part contributing to the effective action, and the infrared divergent piece cancelling analogous divergence in the background action Eq. (6). In fact, the sum of the infrared divergent contribution of the background action and that of due to the exchange of the Higgs mode represented in the form
demonstrates explicitly the cancellation of the infrared divergences. Here, the new length parameter arises:
In what follows, the assumption ξ λ s λ L is adopted. All expressions in the vortex action are of the type dt dσ 1 
6 X 1 + · · · in z = σ 2 − σ 1 admits the local limit. The local form of the action is 
Equation of the vortex motion
When obtaining the equations of motion the local limit should be taken after making the variations. They are fulfilled by using the expressions δ d 
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and analogous (cumbersome) expressions for the variation of the terms containing the time derivatives. The variation of the effective action is
resulting in the equation of the vortex motion
When the exchange of excitation is turning off, c s → ∞, the solution of Eq. (9) is the ring vortex moving in the direction perpendicular to its plane with velocity [12]
One can include the static background of chiral fermions (with asymmetry characterized by the chemical potential μ f ) coupled to the gauge field A μ . This results in the term −μ f N CS [16] [17] [18] [19] [20] , where
is the Abelian Chern-Simons number related with helicity
The variation of the Chern-Simons induced contribution to the equation of the vortex motion is deduced from the variation of helicity:
Taking all the above considerations into account one obtains the equation of motion which, in the gauge (Ẋ, X ) = 0, has the following form: 
It looks like the wave equation added with the two additional terms. The term ∝ [Ẋ × X ] is the analog of the Magnus force acting on the moving vortex due to the nonzero circulation of the supercurrent. The term ∝ [X × X ] is induced by the anomalous current j an ∝ μ f H widely discussed in connection with chiral magnetic effect [21] . This current is subjected to the action of the Lorentz force ∝ [ j an ×H]:
The static solution is helix with the constant curvature κ =const and the torsion related with the amount of fermion asymmetry τ = γ/μ [13] . See the next section for the definition of these geometric quantities.
Time derivatives of the basic contour characteristics
The basic contour vectors of normal n, bi-normal b, and tangent X constitute the right triple, X = [n × b] and obey the Frenet-Serret equations:
They are of unit length. Here, κ and τ are the curvature and the torsion, respectively. One can write the equations determining the time derivatives of the triple (n, b, X ) using the fact that they are the unit orthogonal vectors:
Using the relation the commutativity of derivatives ∂ t ∂ σ − ∂ σ ∂ t = 0 one can further restrict the matrix
and obtain the expressions
Introducing the vector
Using the above relations the time derivatives of the curvature and torsion can be obtained:
The system of equations is closed by adding the equations of motion
The interesting particular case is one with T 0 = 0 andμ = 0 corresponding to the neglect of the exchange of excitations and the fermion asymmetry. Then, after re-scaling
These are the Da-Rios-Betchov equations [22] first proposed in hydrodynamics of ideal fluid in 1906. The equations (14) and (15) are strongly nonlinear, hence one needs some approximations to get consequences from them. We choose the solution exact in μ f and of the first order in T 0 . The derivation is straightforward, but the expressions are still cumbersome. Instead, one can find such useful interesting quantity as the time derivative of the total torsion:
The total torsion is related with the twist:
On the other hand, the time derivative of helicity iṡ
The writhe number and its variation are, respectively, 
The ambiguity 0 × ∞ in Eq. (17) is regularized with the help of expression
so that the regularized variation of the writhe becomes
The time derivative of writhe, dWr dt =ḣ
, permits one to establish the "conservation law":
The sum Wr+Tw is known from topology as the topological invariant called self-linking [23, 24] . It is obtained here as the consequence of the dynamical equations govern the gauge vortex motion.
Discussion and conclusion
We have shown that the vortex string motion admits the non-relativistic regime if one takes into account the effects of the medium resulting in the exchange of the excitations between the different segments of the string. However, the characteristic velocity of the transverse motion c 0 in the last line of Eq. As for the application to physics, one can hardly hope to observe the closed or curved vortices in type II superconductors immersed into the static external magnetic fields. However, their production could be quite possible in the fast temperature quench [25] . See, for example, Ref. [26] , where such a mechanism was considered in the framework of the 2D Abelian Higgs Model. Also, numerous simulations of the phase transitions in the early Universe point to a considerable portion of the closed cosmic strings [4] . The type of the model considered in the present work is one where the charged particles interacting with the gauge field, condense uniformly except for the vortex core. The total neutrality is provided by some static background of the opposite charge. The cosmic strings of such type are not excluded in the models of the dark (hidden) sector [27, 28] . However, the relation of the present work parameters q, n 0 , and g with ones from the models of the hidden sector, goes beyond the scope of this communication.
